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Abstract 

The Schrodinger equation and ladder operators for the harmonic os- 
cillator are shown to simplify through the use of an isometric conformal 
transformation. These results are discussed in relation to the Bargmann 
representation. It is further demonstrated that harmonic interactions can 
be introduced into quantum mechanics as an imaginary component of 
time equivalent to adding the oscillator potential into the hamiltonian for 
the confined particle. 



1 Introduction 

Conformal mapping is often presented as a method for simplifying mathematical 
problems in two dimensions. Liouville's theorem pQ in fact shows that higher 
dimensional conformal maps are possible but must be composed of translations, 
similarities, orthogonal transformations and inversions. The purpose of this pa- 
per is to present an application of a higher-dimensional conformal transforma- 
tion in the simplification of the Schrodinger equation for the three-dimensional 
harmonic oscillator. 

Suppose an oscillator of energy E consists of a single particle with a spatial 
displacement xt (i = 1, 2, 3) from the source of the potential confining it at time 
t. The goal of section 2 of this paper is to introduce an isometric conformal 
mapping of the form Zj = X4, s = t + if(\xi\,E) where / is a real function and 
1 = \J — 1. It is clear from inspection that this passive transformation does no 
more than introduce an imaginary shift in the time of the two related coordinate 
systems. 

It is convenient to write the complex conjugate form of the (z^, s)-coordinates 
as (z*, s*) even though z* — z% since z* and still belong to different coordinate 
systems. This distinction is shown to be most evident in the computation of 
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the partial derivatives d/dzi and d/dz* from the chain rule of partial differen- 
tiation as these evaluate differently in their conjugate coordinate systems. One 
further topic to be introduced in section 2 is the Cauchy-Riemann equations that 
are necessary to determine if a function transformed into the (zj, s)-coordinate 
system has well defined partial derivatives. 

The Schrodinger equation for the three-dimensional harmonic oscillator is 
presented in section 3 alongside a complete set of eigensolutions. It is shown 
that both these results simplify in terms (zi, s)-coordinates and that the eigen- 
solutions are holomorphic. This argument is used to demonstrate that har- 
monic interactions may be introduced into the free-field Schrodinger equation 
by adding an imaginary component to the world time of the particle. The imag- 
inary part of time has a confining effect on the particle equivalent to including 
an oscillator potential in the hamiltonian. 

In section 4, it is demonstrated that nd/dzi and —nd/dz* are respectively 
the operators for lowering and raising the eigenstates of the harmonic oscillator 
where k is a scaling constant. These results are compared to both the Bargmann 
[2] and conjugate form of the Bargmann representation [3] . 



2 Conformal Mapping 

The task ahead is to present a isometric conformal transformation relating a 
real (a^, ^-coordinate system and a complex (zi,s) coordinate system. This 
mapping is to be applied in section 3 to a harmonic oscillator consisting of a 
single particle of mass m and total energy E. It is convenient to express it in 
the form 

mui 2 

Zi = Xi, s = t-i——x (I) 
zhi 

where u> is the spring constant of the oscillator . In the (xi , ^-coordinate system, 
the particle has a spatial displacement Xi from the source but shares the same 
world time t. Similarly, in the (z^, s)-coordinate system, the particle has a 
dispacement Zi = Xi from the source but shares the same complex time s. 
The isometric nature of the transformation therefore follows from the result 
\zi\ = \xi\. It is also clear that the complex time s is translated through an 
imaginary displacement i^S^x 1 from the real time t. 

In the application of complex coordinates to express physical problems, there 
is generally going to be both a complex and a complex conjugate coordinate 
representation for each individual problem. In the present case, the complex 
conjugate of eq. (P) is 

* + l mUJ 2 , \ 

Zi = Xi, s =t + i x (2) 

Naturally, there must also be inverse transformations mapping the complex and 
complex conjugate representations of the problem back into a single physical 
coordinate system. The inverses of the transformations (p} and are readily 
shown to be 

Xi = z i: t = S + 1——Z (3) 
Zhi 
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TOW , 

a;,- = *i , t = s - i—z (4) 

respectively. 

It is now interesting to investigate properties of derivatives with respect to 
complex 4-position coordinates. In particular, the chain rule of partial differen- 
tiation gives 

d dt d dxi d d 
ds ds dt ds dxi dt 



d dt d dxi d d 
ds* ds* dt ds* dxi dt 

d dxi d dt d d muiXi d 



dzi dzi dxi dzi dt dxi E dt 



(5) 
(6) 
(7) 



d dxi d dt d d mcoxi d 
Ih* = 9< dx~ + 'dz* dt = dx~ ~ l E dt ^' 

Note, eqs. (0 and J7]) have been obtained using eq. ([3]); eqs. © and © are 
based on eq. (QJ. It has also been assumed in deriving eqs. (J5J) through © that 

dz v ds dzi _ ds * _ Q rgs 
ds dz^ ds* dz^ 

indicating that the coordinates Zj and s are independent of each other as are the 
complex conjugate coordinates z* and s*. This assumption is readily validated 
using eqs. ([5]) through (JSj) to directly evaluate each of the derivatives in eq. ([9]) 
in (xi, ^-coordinates. 

In further consideration of eqs. (jTJ) , it is convenient to write s = t + iy where 
y = —{muj/2E)x 2 . The requirement for a continuously differentiable function 
t(s) = g(t, y) + ih(t, y) to be holomorphic is then for the real functions g and h 
to satisfy the set of Cauchy-Riemann equations 

dg_ = dh dh ^ _dg_ 

dy dt dy dt { ' 

or equivalently 

dt 2 m 2 ui 2 dx A 

It is thus concluded that a function ip(xi,t) will also have an equivalent holo- 
morphic form 9{zi)T{s) in the complex (z M , s)-coordinate system providing it is 
separable and r satisfies eq. (ITT1) . Here, it is understood that the domain of 
the Cauchy-Riemann equations in this problem is the complex plane containing 
s. The Cauchy-Riemann equations put no restriction at all on the form of the 
function 9(zi) since Zi and s are independent coordinates and Zi belongs to a 
real three-dimensional space. 
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3 The Harmonic Oscillator 

The Schrodinger equation determining the wavefunction ip(xi, t) for a single par- 
ticle confined in a 3-dimensional harmonic oscillator potential can be expressed 
in the form 

h 2 d 2 ib 1 o o , „ , 
~2^4 + 2 mwV ^^ (12) 
where Ti is Planck's constant divided by 2n and 

EtP = ih^ (13) 

gives the total energy of the particle. 

The solution [3] to eqs. (TT2"j) and (fT3"|) takes the separable form 

ip(xi,t) = (t>i 1 (xi)<t>i 3 (x2)(l>i 3 (x3)exp(-iEt/h) (14) 

where 

<t> l {x i )=k l H l (Z i )eiq>(-^J (15) 

& = \f^W Xi i are Hermite polynomials and li,h,h positive integers. 
The normalization constant is 

1 \ V4 / i \ 1/2 

2mu! \ / 1 



*-{—) [wO (16 > 

In developing the connection between complex (z^, s)-coordinates and the 
quantum harmonic oscillator, eqs. ([7]), ([8]) and (Tl3|) can be combined to give 

(17) 
(18) 

These results lead to the operator relationship 

h 2 d 3^ h 2 d 1 2 2 

" 2^^ + 2^ = -2^fe| + 2 mW X (19) 

enabling the Schrodinger equation ([T2|) for the harmonic oscillator to be ex- 
pressed in the concise form 

h " ^ +h^ = E^ (20) 



d 


d 


mto 


dz l 


dxi 


+ -T~Xi 

h 


d 


d 


muj 




dxi 


r Xi 
n 



2m dz*dzi 2 
It is also readily shown using eqs. (J5J) and (flB"]) that 



2^ = *^ (21) 

OS 
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Eqs. (j2"0)l and (JUJ) together, therefore, constitute a complete description of 
the quantum harmonic oscillator in terms of (z^, s)-coordinates. On comparing 
cq. (|12p and (|20l) . it is clear that the harmonic oscillator potential term in 
the original Schrodinger equation is replaced by a constant term in complex 
coordinates. 

The oscillator function (TT4"|) is readily transformed into (zi, s)-coordinates 
using eqs. ((TJ) to give 

^{zi,s) = B h {zi)e h {z»)e H [zz)T{a) (22) 

where 



9t(zi) = kHiid), t{s) = exp(-iEs/fi) (23) 

and Q — \Z^p^t- It is notable that eq. (fl4l) and (|22|) are similar except 
that eq. (|22"|) does not contain a gaussian term. It is also notable that r(s) 
is a continuously differentiable solution of eq. (|ll|) thus demonstrating that the 
oscillator function ip(zi,s) is holomorphic. 

In consideration of the foregoing arguments, it is of interest that eqs. (JlJ 
reduces to the form Zi — Xi, s = t on setting u> = 0. It also apparant that eq. 
(|20|) reduces to the free field form of the Schrodinger equation under these same 
conditions. The converse of this argument is that harmonic interactions may 
be introduced into the free-field Schrodinger equation through the replacement 
t — > t — i^j^x 2 exactly equivalent to the more usual approach of adding the 
oscillator potential into the hamiltonian for the oscillator. 



4 Ladder Operators 

As is well known, the Schrodinger equation (|12p can be simplified in terms of 
the non-relativistic raising and lowering operators: 



c) 



2muj dxi V 2ft 



muj 



°* ~ \l2mu;dx t + \J '21, " 



(24) 
(25) 



to give 

d\d^ + ^ = — v> (26) 

On comparing eq. (fl"7)) and (|T8]) with eq. (l24l) and (|25|) . it can be seen that 



i d , i a 



(27) 



It is clear therefore that raising and lowering operators have a more concise 
representation in complex (z,, s)-coordinates than in real (xi, ^-coordinates. 
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Applying ladder operators to the eigenfunctions for the harmonic oscillator 
gives 

aMhMM) = Vh4>(h ~ 1, la, h) (28) 
&2^{h,h,h) = Vhi>(h,h - 1, l 3 ) (29) 
azip{hMM) = y/hWuh, h - 1) (30) 
for lowering the state of the oscillator, alongside the conditions 

a\i>{h,l2,h) = y/h + tyih + 1, Ms) (31) 

al^ihMM) = y/h + hl>(h,h + 1, (32) 
ali>(h,l 2 ,h) = Vh + lip(h,h, k + 1) (33) 

for raising it. 

It is interesting now to compare the results of conformal transformation 
in this paper with two other complex formulations of the quantum harmonic 
oscillator. These other formulations are based on integral transformations. One 
of these is the Bargmann representation obtained using the Segal-Bargmann 
transformation: 

0i(oO = 7T- 1 / 4 J exp ( ~^ 2 ~~ a ' ) cxp (-V2a^i) d& (34) 

The other is the conjugate of the Bargmann representation given by 

9i{bi) =tt- 1 / 4 J Oiia^expi-aib^dai (35) 

The results of the transformations (|34|) and (|35|) are presented in table 1 in- 
cluding both ladder operators and eigenfunctions. The ladder operators can be 
inserted into eq. ([26)) and the eigenfunctions validated as the solution. 



Space 


hi 




0i 


Bargmann 


d/dai 


at 


a\/Vl\ 


Conjugate 


hi 


-d/db, 




Conformal 


2-y'd/dd 


-2-y'd/dQ 


kHi(Ci) 



Table 1: Ladder operators and eigenfunctions for the harmonic oscillator in 
different complex spaces. 



5 Concluding Remarks 

It has been shown the mathematical description of the non-relativistic quantum 
harmonic oscillator can be simplified through the use of a conformal transfor- 
mation. In the transformed coordinate system, time is a complex quantity. The 
real part of this complex time is the world time; the imaginary part represents 
the harmonic interaction confining the particle. 
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